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We prove a congruence module a certain power of 2 for the class numbers of the 
quadratic fields whose discriminants are divisible by 8 and have no prime factor 
( >O) congruent to 3 modulo 4. Such a congruence enables us to obtain some infor- 
mation about the relations between the structures of the ideal class groups of those 
fields. Some of these can be rewritten with the use of Legendre symbols. ( 1986 
Academic Press. fnc. 
1. INTRODUCTION AND RESULTS 
Let m > 0 be a squarefree odd rational integer. It is well known from the 
genus theory of the quadratic fields that if m has no prime factor ( >O) con- 
gruent to 3 modulo 4, then the 2-ranks of the ideal class groups of the real 
quadratic lieid Q(\b) and the imaginary quadratic field Q(G) are 
both equal to r, the number of primes dividing m, so that their class num- 
bers h(2m) and h( -2m), respectively, are divisible by 2’. In this paper, it 
will be proved that h(2m) and h( -2m) are related to each other modulo 
2“+2 through the fundamental unit of Q(G). 
For an odd rational integer n > 0, let (a/it) denote the Legendre-Jacobi 
symbol, where (a, n) = 1. 
The main result is the following. 
THEOREM. Let m > 0 be a squarefree odd rational integer, having no 
prime factor ( >O) congruent to 3 mod& 4, and 
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with T and U rational integers, be the fundamental unii of the real quadratic 
field Q(&). Then we have 
h( -2m) = z TUh(2m) (mod 2’+‘), 
0 
where r is the number of primes dividing m. 
From the theorem, we obtain some relations between the structures of 
the ideal class groups of Q(G). For a rational integer n >, 1, let 
r.( _+2m) denote the 2”-rank of the ideal class group of Q(&!%), respec- 
tively. Then, letting N be the absolute norm, we obtain 
COROLLARY. (i) r,(-2m)=O, ifandonlv ifr4(2m)=0, N(E)= -1. 
(ii) r4(-2m)= 1, r8(-2m)=O, zfand onl-y if(A) or (B). 
(A) r,(2m) = 1, r,(2m) = 0, N(E) = -1. 
(B) r,(2m)=O, N(E)= +l, 11~2 (mod4). 
(iii) r,(-2m)>,2 or r,(-2m)>l, ifandonly if(C) or (D) or (E). 
(C) r,(2m) 3 2 or r,(2m) 3 1. 
(D) r,(2m)= 1, r,(2m)=O, N(E)= +l. 
(E) r,(2m)=O, N(F)= +l, U-0 (mod4). 
It is remarked that if r4( - 2m) = 0 then, from the theorem, the odd parts 
of the class numbers h( f2m) are related to each other modulo 4 through T 
and U. In fact, it is seen that U = 1 (mod 4) in this case, so that U may be 
omitted. 
Let a and b be squarefree positive odd rational integers, such that 
(a, b) = 1. We define & by 
&= E ((1-(f)(f))/2). 
p prime 
Clearly the value of &, is 0 or 1. The condition r4( - 2m) = 0 can be written 
as follows. 
PROPOSITION 1. Putting n, = m, we have 
where the summation runs over all finite tuples (no, n, ,..., n,y) of rational 
integers such that nj 1 n.ip, and 0 < nj < n.,_ , for j = l,..., s. 
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Putting together Corollary (i) and Proposition 1, it follows that 
PROPOSITION 2. Putting n, = m, we have 12(2m)/2' E 1 (mod 2) und 
N(E)= -1, ifand only ij” 
As a simple application of Proposition 2, we obtain 
PROPOSITION 3. Letting m = n;=, pj he the prime decomposition, we 
have 
(i) rfp, E ... E pr= 5 (mod 8) and (p,lp,) = 1 for every i<j, then 
h(2m)/2’- 1 (mod 2) and N(E)= -1. 
(ii) If p1 =_ ... =p,=5 (mod8), (pi/p,)= -1 fbr every i<j, and 
r-0 (mod 2), then h(2m)/2’= 1 (mod 2) and N(E)= -1. 
2. PRELIMINARY LEMMA 
Let dl m be a positive rational integer, and 
E 7d = T,+ Li,,:sd> 1 
be the fundamental unit of Q(@), where Td and Ud are rational integers. 
Let h+( f 2d) denote the narrow class number of Q(a), respectively, 
so that h+(2d) = h(2d) if N(E?~) = -1, and h+(2d) = 2h(2d) if N(sZd) = +l, 
and always h+ ( -2d) = h( -2d). Let r(d) denote the number of primes 
dividing d. 
LEMMA 1. Letting dj m and d > 0, we have 
h( -2d) = T,U,h(%d) (mod 2r(d’+ I). 
Proof. It is known (e.g., [I, Chap. 26.81) that the 2-Sylow subgroup of 
the ideal class group of Q(a) has rank r(d), and so does that of the 
narrow ideal class group. Hence h( f 2d) = 0 (mod 2r(d’), and if N(szd) = + 1 
then h+(2d)-0 (mod 2”d’+’ ). Now, for a quadratic discriminant D, let 
D = D, D, be a decomposition into two quadratic discriminants D, and D,. 
Then, according to Redei-Reichardt [3], the decomposition D = D, D, is 
said to be properly of the second kind, if and only if (D,/p) = 1 for every 
prime p 1 D,, and (D,/p) = 1 for every prime p ) D, , where (Dj/p) denotes 
the Kronecker symbol. From the result of [3], D = D, D, is properly of 
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the second kind, if and only if there exists a cyclic extension of degree 4 
over Q(fi), being unramified at any finite prime divisor of Q(fi), 
and containing the field Q(fi, A). To return to the proof, it is 
easy to see that 8d= (8d,) d2 is properly of the second kind, if 
and only if - 8d = ( - 8d,) d2 is properly of the second kind. Hence 
h + (2d) E 0 (mod 2r(d)+ ’ ), if and only if h( -2d) E 0 (mod 2@)+ ‘). That is, 
h + (2d) = h( - 2d) (mod 2r(d)+ ’ ). Therefore, noting that Td E 1 (mod 2) and 
u _ Umod2) 
if N(szd) = -1, 
d O(mod2) if N(ezd)= +I, 
the lemma is proved. 
3. MODIFICATION OF DIRICHLET'S CLASS NUMBER FORMULA 
For an odd prime p, let xP be the primitive Dirichlet character modulo p 
defined by 
if pja, 
if p 1 a. 
Let xz and xP, be the primitive Dirichlet characters modulo 8 and 4, 
respectively, defined by 
h(a) = 
i 
(_ 1 )(U’ I J/X if a is odd, 
0 if a is even, 
x-,(a)= 
( _ 1 )‘” I b/Z if a is odd, 
0 if a is even. 
For positive dl m, let xd and x&&, be the primitive Dirichlet characters 
modulo d and 8d, respectively, defined by 
and 
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From Dirichlet’s class number formula for the quadratic fields (e.g., [2. 
Sects. 5 1, 52, Theorem 150]), we have 
c XZd(Q) ha1 -it&) = -2&w l%(E,,), 
a mod ad 
and 
u mFd 8d x -2Aa) h( 1 - c&J = --A( - 24 ni, 
where i,, = ezniJn (n > O), and log denotes the principal branch of the 
logarithm. 
LEMMA 2. Letting d 1 m and d > 0, we have 
0m;,,, Xzd(a)log(l-i&z)= - (l-xzh)) 2h(2d)log(c,,), 
(a&n) = I p prmle 
1 x-zci(~)log(l-i&n)=- n (1-x ,,(p)) 
a mod 8m Pldd 
(a.8m) = 1 p prime 
Proof: Let p be a prime such that plmld. Put m’=mJp and a= pa’ + 
8m’x. If a’ and x run over complete reduced systems of residues modulo 8m’ 
and modulo p, respectively, then a runs over a complete reduced system of 
residues modulo 8m. Therefore 
c XzAa) ha 1 - CL) 
o mod 8m 
(a,8m, = I 
= -a,m;8,n, p$f%,;,, c CT, 
rmodp 
(cf.8~1’) = I (r.p)= 1 
where, noting 
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the rearrangement of the formula continues as follows 
=-- 
a’ mod 8m’ 
(d&d) = I 
= -(-h(P)+ 1) c f Xzd(a’) p;, 
u’mod8m’ n=l I1 
(d&n’) = I 
= (1 -h(P)) c XM(U’) log(l - i;,,,, 
u’ mod 8m’ 
Id&n’, = I 
where every interchange of summation is guaranteed by Abel’s continuity 
theorem (e.g., [4, Sect. 3.711). Therefore, by the induction on Y and the 
class number formula, we get the first formula. The second formula is 
proved in exactly the same way. 
Letting m = n;=, pj be the prime decomposition, we see 
-~_~x_x2(a)(l-x~i(U)) ff (l+z,,(u)))log(l-iL) 
( /=I 
(o.Rml= I
=-x( c X&i(U) ha 1 - CL) 
dim u mod 8m 
(a&n)= 1 
- am;8, X-2d(U) l%(l -i;,1 
) 
. 
(u&n) = I 
Here, observing 
(1 -X-,(U)) fi (1 +x&a 
( j=l > 
i 
2’fl 
= if x-,(u)= -l,and~,(u)= 1 foreveryj, 
0 otherwise, 
the left-hand side is equal to 




where each summation C’, runs over all a mod 8m such that x ~ I (a) = - 1, 
x,(a) = 1 for every j, and X*(U) = +l, respectively. Put mj= m/pj and a = 
mx + C>=, gm+,. If x and Xj run over complete reduced systems of residues 
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modulo 8 and modulo pi, respectively, then a runs over a complete reduced 
system of residues modulo 8m. Therefore, as x,,(a) = Xp,(2mis,), the left- 
hand side is further equal to 
2’+ ’ 1’ . . .I’ (log( 1 + cc,‘; . . . [;;) - log( 1 - cc;; . . . c;;,,, 
J I r, 
where we put [ = -(2/m) [i, and each summation xi, runs over all 
xi mod pj such that x,(xj) = xp,(2mj). On the other hand, applying 
Lemma 2, and since xZd(p) = x -Zd(p)r the right-hand side is equal to 
c ( p;,d (1 - h/(P))) Gww hid%,) - 4 - 24 no. 
dim p prime 
Thus we conclude that 
2’+ l Cf.. .I’ (log( 1 + cc;; . . . c;;, - log( 1 - ii;; . . . c;;,, 
‘, I, 
=;M( n (l-Xid(P1))(2h(2d)log/i,,)-h(-2dlni). (1) 
Pldd p prime 
Letting each product J& run over the same xi as in (1 ), set 
Y,(X) = n’. . . n’ ( 1 - xc;; . . . ii;). 
-y, yr 
Then we see that Y,(X) is one of the irreducible factors of the mth 
cyclotomic polynomial over the field K= Q(fi,..., A), and the coef- 
ficients of YJX) belong to the integral ring 0, of K. Let c and d be 
positive squarefree rational integers such that (c, d) = 1. We define 4; by 
f&j= n ((1 -Ll(P))/2), 
PI’ p prime 
in particular, d$= 1, and if d E 0 (mod 2) then the definition clearly coin- 
cides with that introduced in Section 1. Letting d ( m and d > 0, we put 
k( f 2d) = h( + 2d)/2”$ 
respectively. Then we see that k( +2d) is a rational integer. With these 
notations we obtain from (1) the formula 
(2) 
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4. CONSIDERATION MODULO o6 
Put o = 1 - is. As c8 = (1 + i)/& and s2 = I+ &, we see fi = [DEACON. 
We will investigate the both sides of the formula (2) by the modulus 06. 
Every congruence is considered in the integral ring of the field K(i8). 
LEMMA 3. Letting dl m and d > 0, we have 
&2d E &PC’* (mod 06). 
Proof. Since 
u 1 (mod2) if N(E~~)= -1, 
2d 
= 
0 (mod 2) if N(sZd)= +I, 
we have 
T,+&(modW’) if N(E*~) = -1, 
E2d= 
Td (mod 06) if N(EZd)= +l. 
First, suppose N(E~~) = -1. Then we have 
so that 
&2df &2 = T,f 1 (mod CO”). 
Hence 
&2d 3 kc2 (mod 06), 
respectively, if T,= +l (mod 4). Therefore, as ci=3+2&= -1 
(mod 06), we get szd= ET * (mod CO”). Moreover, from Pd-- 2dU;= - 1, we 
see Pd::_ -1 (modp) for every prime p 1 U,, so that Ud= 1 (mod 4). Hence 
s2d = so”* (mod 06). Second, suppose iV(szd) = + 1. Then we have 
&2d E T, z ( - 1 )(TdP IV2 = E?- ’ (mod w6). 
Moreover, from Pd - 2dUz = 1, we have (T, - 1 )( Td + 1) = 2dU2, where 
(T,- 1, Td+ 1)=2, so that we may set 
Tdk1=2d,q, T,Tl =dzV;lr 
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respectively, if Td= &l (mod 4), with rational integers d, , dz, V, , and I’, 
such that 
d= d,d,, url= v, v,, V, E 1 (mod 2) V, =O (mod 2). 
Hence 
d, q - 2d2( V,/2)2 = + 1, respectively, if T, = + 1 (mod 4). 
so 
v = O(mod4) 
if Td= 1 (mod 4) 
2 2 (mod 4) if Td- -1 (mod4), 
which proves Ud= T,- 1 (mod 4). Hence cZd- spud (mod 06). 
Put 
Cd = ( Td Udk( 2d) - k( - 24 )/2, 
and 
D, = -k( - 2d). 




- 2 (mod 06) 
,E~~dk(Zd)~~k(~Zd)(ETli)---kl~Zd) (mod 06) 
E ( - 1 )cd(sz li)“d (mod oj6). 
Hence, from (2) it follows that 
‘;;‘,i’-o) X~IM #SCd(E2 li)hm dyidnd (mod a”). (3) 
m 
LEMMA 4. We have 
(E;‘i)pl (mod 06) if m=l, 
Yu,( -0 
Yu,(5) 
( - 1 )“i (mod w6) tf m = p, a prime, 
1 (mod w6) if r>l. 
Proof. As (1 -ci)/(l +[i)=s2i-‘, the lemma is valid for m = 1. Hence 
we assume m > 1 in the following. Since ‘Y,(X) is a polynomial with coef- 
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kients in O,, and c4= -1, we set Y,(<)=~~=O akik with uk in OK. 
Letting f be the degree of Y,,,(X), we see X’Y,,JX-‘)= P,,,(X), in par- 
ticular, i’Y,J<-r) = u’,(S). Hence, comparing the coefficients of ik, we get 
ao=a2, a,=0 iff=2 (mod8), cl,=c+, cc,=0 iffE4 (mod8), OL,,= -CQ, 
a,=0 iff-6 ( mod 8), and ~1, = -a3, a2 = 0 if f 0 (mod 8). Therefore, 
observing <,+&‘=&‘, we may set !P,(~)=~flz(a+vh~) with a, p in 
0 Applying the conjugation ($ -+ -a), we get ul,( -[) = 
(Ki)f12(a-&P). H me ul,,(-!)/~~(j)=(-l)f/r(a--~))i(a+jlZP). 
For a rational integer n >O, let P,(X) denote the nth cyclotomic 
polynomial. Clearly ul,([) divides P8,J 1). Moreover, since P,,JX) = 
P,(Xs)/Pm(X4), we have Pg,( 1) = 1. Hence u’,(i) is an algebraic unit, so 
that a f 0 (mod w). Therefore, since a - fi /I z a + ,,h p (mod 06), we 
obtain YJ,,,( -[)/‘Pl,([) = (- 1)“’ (mod u6), which proves the lemma. 
5. CONSIDERATION WITH I& 
Let (df)fz i (L = zr) be an ordered set of all positive dl m, such that 
r(d,) >, r(dl+ 1) for I= l,..., L - 1 (d, = m, d, = 1). We fix this set once and 
for all. Let @ be the L x L matrix whose (k, I) components are defined to be 
4 &‘i”’ if df / dk, and 0 if d&d,. Then, @ is an upper triangular matrix whose 
diagonal elements are all 1. Let 6, y, d and r be L-dimensional column 
vectors defined by 
and 
where 
r= tr,, 2 r,,,..., r,,,‘, 
A, = 
-1 if d,= I, 
0 otherwise, 
and 
rcf, = 6 if d/ = p, a prime, 0 otherwise. 
We see azli-- 1 =E*w~, a;‘i+ 1= --is~z2m3, and (E;~z’)~=E~*(-~)E 
( - l)( - 1) = 1 (mod w”). Hence, in the multiplicative group modulo 06, 
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E; ‘i and - 1 have the order 2, and are independent of each other. 
Therefore, applying Lemma 4 to (3), we obtain 
(4) 
and 
Clearly (4) and (5) are valid for every d, in place of m. Hence 
$4 z d (mod 2) (61 
and 
cDyzF(mod2). (7) 
LEMMA 5. Let dl m, ds 0, and q be a prime such that q)d. Then we haue 
O<:n<d 
/ 
r6;46$ (mod 2) if d = p, a prime, 
s j$ 4; C D,,~~~pl~n~~~~~p~~,, (mod 2) if 44 > 1. 
fi\diP 
p prime 0 c 12 < d/p 
Proof. If d= p a prime, then from (6) (or (4), putting m = p) we have 
D, - C& 3 0 (mod 2), so that Lemma 5 is valid. Suppose r(d) > 1. In view of 
Qj%iv ZE 4% f 4% (mod 2) for MN) d/n, we see 
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Therefore, observing q5 ik = &!‘~W&, it follows that 
From (6) (or (4), putting m = d/p), we have 
D, s c Dn&fp’in (mod 2). 
n I dlP 0 < n < dip 
Hence 
Here, we see 
(10) 
Putting (8), (9), and (10) together, we obtain Lemma 5. 
Let 0 be the L x L diagonal matrix whose (I, 1) components are defined 
to be c$:,. 
LEMMA 6. @06 = r (mod 2). 
Proof Let dl m. Noting & = 0, we may assume d > 1. From (6) (or (4), 
putting m = d), we have 
Dd= c D,dzt (mod2). 
nld O<rT<d 
Hence 
Here, we apply Lemma 5 successively r(d) times (first putting q = 2). Then, 
we obtain 
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x (@;:-l@ ) (mod 2) if r(d)> 1, 
where we put r’ = r(d) and qr, = d/n;‘:,’ qi. That is, 
where the summation on the right hand side runs over all r’-tuples 
(qI ,..., qr,). Therefore, as q$, 4;;. . . @:- I& = q3i7 4;: ~, . . . @&I, we conclude 
that 
which proves Lemma 6. 
6. PROOF OF THE THEOREM 
Since det(@)= 1, from (8) and Lemma 6, it follows that 
06 z y (mod 2). 
Hence 
&,Dm E C, (mod 2). 
That is, 




k( -2~2) = ~~(2) T, U,k(2m) (mod 4), 
which completes the proof of the theorem. 
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7. PROOF OF PROPOSITIONS 
We prove Proposition 1 and 3 by induction on r. Then Proposition 2 has 
already been proved in Section 1. 
Now, from (4), we have 
D,,,- 1 &g/D, (mod 2) 
Am o<n<m 
which proves Proposition 1 from the induction assumption. 
To prove Proposition 3, we first observe that 
in case (i) 
in case (ii), and if r(n 1 ) is even, 
in case (ii), and if r(n,) is odd. 
Therefore, from the induction assumption, it follows that 
E 
1 1 (mod 2) in case (ii). 
nlm O<n<m r(n) even 




;m 1= n; (r(n)+ 1) 1 r(n)+1 
nlm ocn<m o<n<m r(n) even o<n<m 
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r r 





which proves Proposition 3 from Proposition 2. 
8. NOTE 
Finally we give some numerical examples for the fact that the theorem 
does not hold for the modulus 2’+ 3, nor in the case where m contains a 
prime factor (>O) congruent to 3 modulo 4. Put w = Iz( -2m) - 
(2/m) TUh(2m). 
(i) A counterexample for the modulus 2’+ 3: 
m = 65, Y = 2, h(-2m)=4(h(-2m)/2’isodd), i =l, 
0 
m=901, r=2, h(-2m)=32(h(-2m)/2’iseven), t = -1, 
0 
h(2m) = 4, E = 849 + 20 @, MI = 24 x 4247. 
(ii) A counterexample for a modulus m, having a prime factor p = 3 
(mod 4) 
m= 133,71m, r=2, h(-2m)=20(h(-2m)/2’isodd), i = -1, 
0 
h(2m) = 2, E = 685 + 42 ,,/?&, w = 23 x 7195. 
m=209,11 /m,r=2, h( -2m) = 8 (h( -2m)/2’is even), 
0 
f = 1, 
h(2m) = 2, E = 33857 + 1656 fi, w = -23 x 14016797. 
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